High School Math 2a:  Quadratic Functions- Representations


Approximate Time Frame: 3 – 4 weeks
Connections to Previous Learning:  
In Math 1, students learned to represent linear, exponential, and other functions algebraically, in a table, and in a graph.  The purpose of this unit will extend their understanding of the representation of functions to quadratics.  Students will extend their understanding of the algebraic manipulation of linear expressions to polynomial expressions.
Focus of this Unit:  
In this unit, students will learn to represent quadratics functions algebraically, in tables, and graphically.  Students will learn to rewrite quadratics in different forms through completing the square and factoring and will be able to use those forms to identify key features of the function and its graph.
Connections to Subsequent Learning:  
In the following units, students will use the skills and understandings developed here to model with quadratics and solve quadratic equations.  In Math 3, students will build upon their understanding of quadratics, especially the role of factors and zeros, as they study polynomial functions.
From the Grade 8, High School Functions Progression Document, pp. 9-10:
Analyze functions using different representations: Functions are often studied and understood as families, and students should spend time studying functions within a family, varying parameters to develop an understanding of how the parameters affect the graph of function and its key features.

Within a family, the functions often have commonalities in the qualitative shapes of their graphs and in the kinds of features that are important for identifying functions more precisely within a family.  This standard indicates which function families should be in students’ repertoires, detailing which features are required for several key families. It is an overarching standard that covers the entire range of a student’s high school experience; in this part of the progression we merely indicate some guidelines for how it should be treated.

First, linear and exponential functions (and to a lesser extent quadratic functions) receive extensive treatment and comparison in a dedicated group of standards, Linear and Exponential Models. Thus, those function families should receive the bulk of the attention related to this standard. Second, all students are expected to develop fluency with linear, quadratic, and exponential functions, including the ability to graph them by hand. Finally, in most of the other function families, students are expected to simple cases without technology, and more complex ones with technology.

Consistent with the practice of looking for and making use of structure (MP1), students should also develop the practice of writing expressions for functions in ways that reveal the key features of the function.
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Quadratic functions provide a rich playground for developing this ability, since the three principle forms for a quadratic expression (expanded, factored, and completed square) each give insight into different aspects of the function. However, there is a danger that working with these different forms becomes an exercise in picking numbers out of an expression. For example, students often arrive at college talking about “minus over 2 method” for finding the vertex of the graph of a quadratic function. To avoid this problem it is useful to give students translation tasks such as the one in the margin, where they must read both the graphs and the expression and choose for themselves which parts of each correspond.
From the High School, Algebra Progression pp. 3-6:

Seeing Structure in Expressions

Students have been seeing expressions since Kindergarten, starting with arithmetic expressions in Grades K–5 and moving on to algebraic expressions in Grades 6–8. The middle grades standards in Expression and Equations build a ramp from arithmetic in elementary school to more sophisticated work with algebraic expression in high school. As the complexity of expressions increase, students continue to see them as being built out of basic operations: they see expressions as sums of terms and products of factors.

For example, in the example on the right, students compare P+ Q and 2P by seeing 2P as P+ P. They distinguish between (Q-P)/ 2 and Q- P/ 2 by seeing the first as a quotient where the numerators is a difference and the second as a difference where the second term is a quotient. This last example also illustrates how students are able to see complicated expressions as built up out of simpler ones. As another example, students can see the expression 5 + (x-1)2 as a sum of a constant and a square; and then see that inside the square term is the expression x- 1. The first way of seeing tells them that it is always greater than or equal to 5, since a square is always greater than or equal to 0; the second way of seeing tells them that the square term is zero when x= 1. Putting these together they can see that this expression attains its minimum value, 5, when x =1. 

Initially, the repertoire of operations for building up expressions is limited to the operations of arithmetic: addition, subtraction, multiplication and division (with the addition in middle grades of exponent notation to represent repeated multiplication). By the time they get to college, students have expanded that repertoire to include functions such as the square root function, exponential functions, and trigonometric functions.  For example, students in physics classes might be expected see the expression L 0[image: image2.png]


  which arises in the theory of special relativity, as the product of the constant L0 and a term that is 1 when  0 and 0 when  —and furthermore, they might be expected to see this mentally, without having to go through a laborious process of evaluation. This involves combining large scale structure of the expression—a product of L0 and another term—with the meaning of internal components such as   [image: image3.png]



Seeing structure in expressions entails a dynamic view of an algebraic expression, in which potential rearrangements and manipulations are ever present. An important skill for college readiness is the ability to try out possible manipulations mentally without having to carry them out, and to see which ones might be fruitful and which not. For example, a student who can see  [image: image4.png](2n+1)n(n+ 1)
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 as a polynomial in n  with leading coefficient 1/3 n3 has a leg up when it comes to calculus; a student who can mentally see the equivalence         [image: image6.png]ARy
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  without a laborious pencil and paper calculation is better equipped for a course in electrical engineering.
The standards avoid talking about simplification, because it is often not clear what the simplest form of an expression is, and even an in case where that is clear, it is not obvious that the simplest form is desirable for a given purpose. The standards emphasize purposeful transformation of expressions into equivalent forms that are suitable for the purpose at hand, as illustrated in the problem in the margin.

For example, there are three commonly used forms for a quadratic expression:

• Standard form (e.g. x2 - 2x - 3)

• Factored form (e.g.  (x + 1) (x - 3))

• Vertex (or complete square) form (e.g.  (x – 1)2 - 4).

Each is useful in different ways. The traditional emphasis on simplification as an automatic procedure might lead students to automatically convert the second two forms to the first, before considering which form is most useful in a given context. This can lead to time consuming detours in algebraic work, such as solving
(x + 1)(x - 3) = 0 by first expanding and then applying the quadratic formula.

The introduction of rational exponents and systematic practice with the properties of exponents in high school widens the field of operations for manipulating expressions. For example, students in later algebra courses who study exponential functions see  [image: image9.png]Pt s p(0r)



in order to understand formulas for compound interest.

Much of the ability to see and use structure in transforming expressions comes from learning to recognize certain fundamental techniques. One such technique is recognizing internal cancellations, as in the expansion (a-b) (a+b) = a2-b2
An impressive example of this is
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Arithmetic with Polynomials and Rational Expressions
The development of polynomials and rational expressions in high school parallels the development of numbers in elementary school. In elementary school students might initially see expressions like 8+ 3 and 11, or ¾ and .075, as fundamentally different: 8+3 might be seen as describing a calculation and 11 is its answer; ¾ is a fraction and .075 is a decimal. Gradually they come to see numbers as forming a unified system, the number system, represented by points on the number line, and these different expressions are different ways of naming an underlying thing, a number.
A similar evolution takes place in algebra. At first algebraic expressions are simply numbers in which one or more letters are used to stand for a number which is either unspecified or unknown. Students learn to use the properties of operations to write expressions in different but equivalent forms. At some point they see equivalent expressions, particularly polynomial and rational expressions, as naming some underlying thing.  There are at least two ways this can go. If the function concept is developed before or concurrently with the study of polynomials, then a polynomial can be identified with the function it defines. In this way x2 -  2x - 3, (x + 1)(x - 3), and  (x - 1)2 - 4 are all the same polynomial because they all define the same function. Another approach is to think of polynomials as elements of a formal number system, in which you introduce the “number” and see what numbers you can write down with it. Each approach has its advantages and disadvantages; the former approach is more common. Whichever is chosen, a curricular implementation might not necessarily explicitly state the choice, but should nonetheless be constructed in accordance with the implicit choice that has been made.

	Desired Outcomes

	Standard(s):
Interpret the structure of expressions.
· A.SSE.1 Interpret expressions that represent a quantity in terms of its context.

b) Interpret complicated expressions by viewing one or more of their parts as a single entity. For example, interpret P(1+r)n as the product of P and a factor not depending on P.
· A.SSE.2 Use the structure of an expression to identify ways to rewrite it. For example, see x4-y4 as (x2)2-(y2)2, thus recognizing it as a difference of squares that can be factored as (x2 – y2)(x2 + y2).
Write expressions in equivalent forms to solve problems.
· A.SSE.3 Choose and produce an equivalent form of an expression to reveal and explain properties of the quantity represented by the expression. 

a) Factor a quadratic expression to reveal the zeros of the function it defines.

b) Complete the square in a quadratic expression to reveal the maximum or minimum value of the function it defines.

Create equations that describe numbers or relationships.
· A.CED.1 Create equations and inequalities in one variable and use them to solve problems. Include equations arising from linear and quadratic functions, and simple rational and exponential functions.
· A.CED.2 Create equations in two or more variables to represent relationships between quantities; graph equations on coordinate axes with labels and scales. 

Interpret functions that arise in applications in terms of the context.
· F.IF.6 Calculate and interpret the average rate of change of a function (presented symbolically or as a table) over a specified interval. Estimate the rate of change from a graph.

Analyze functions using different representations.
· F.IF.7 Graph functions expressed symbolically and show key features of the graph, by hand in simple cases and using technology for more complicated cases.

a) Graph linear and quadratic functions and show intercepts, maxima, and minima.
· F.IF.8 Write a function defined by an expression in different but equivalent forms to reveal and explain different properties of the function.

a) Use the process of factoring and completing the square in a quadratic function to show zeros, extreme values, and symmetry of the graph, and interpret these in terms of a context.

· F.IF.9 Compare properties of two functions each represented in a different way (algebraically, graphically, numerically in tables or by verbal descriptions). For example, given a graph of one quadratic function and an algebraic expression for another, say which has the larger maximum.
Perform arithmetic operations on polynomials.
· A.APR.1 Understand that polynomials form a system analogous to the integers, namely, they are closed under the operations of addition, subtraction, and multiplication; add, subtract, and multiply polynomials. 


	WIDA Standard:  (English Language Learners)
English language learners communicate information, ideas and concepts necessary for academic success in the content area of Mathematics.

English language learners benefit from:

· explicit vocabulary instruction with regard to the contexts of the functions represented.
· explicit instruction regarding the components of graphic, algebraic and tabular representations.

	Understandings:  Students will understand that …
· Polynomial expressions can be added, subtracted, and multiplied to produce new polynomials.
· The factors of a quadratic can be used to reveal the zeros of the quadratic.
· The process of completing the square can be used to reveal the vertex of the graph of a quadratic (and consequently the minimum or maximum of the function).

· The graph of a quadratic function is a curve called a parabola which will have an interval of increase, an interval of decrease, a minimum or maximum, a y-intercept, and which may or may not have x-intercepts.


	Essential Questions:

· How do the arithmetic operations on numbers extend to polynomials?
· What do the factors of a quadratic reveal about the function?

· What does completing the square reveal about a quadratic function?

· What is the graph of a quadratic function?  What are its properties?




	Mathematical Practices: (Practices to be explicitly emphasized are indicated with an *.)

1.  Make sense of problems and persevere in solving them.  

*2.  Reason abstractly and quantitatively.  Students will extend the properties of real numbers to polynomial expressions.
3.  Construct viable arguments and critique the reasoning of others.  

4.  Model with mathematics.  

*5.  Use appropriate tools strategically.  Students will use technology to explore more complicated quadratic functions and explore the relationship between the various representations of a quadratic.
6.  Attend to precision.  

*7.  Look for and make use of structure.  Students will look for and make use of structure as they use different forms to represent quadratics, revealing different properties of the quadratic as they do so.
8.  Look for and express regularity in repeated reasoning.  

	Prerequisite Skills/Concepts:

 Students should already be able to:
· Perform algebraic operations on and simplify linear expressions (including factoring).

· Calculate rate of change.
· Graph linear functions.
	Advanced Skills/Concepts:

Some students may be ready to:
· Derive the quadratic formula by completing the square on a general quadratic function y=ax^2 +bx + c.



	Knowledge:  Students will know…

· The sign of the leading coefficient determines the direction that the parabola opens.
· A quadratic equation can be represented in vertex form.

	Skills:  Students will be able to …

· Add, subtract, and multiply polynomials.
· Interpret expressions in terms of its context.

· View complicated expressions by its parts.
· Calculate the average rate of change of a quadratic over a certain interval, given a function, table, or graph.
· Use the structure of an expression to identify ways to rewrite it.
· Factor a quadratic expression.

· Complete the square on a quadratic function.
· Show zeros, extreme values, and symmetry of the graph of a quadratic function, and interpret these in terms of a context.
· Create equations in one, two or more variables to represent relationships between quantities.
· Graph a quadratic function and show intercepts, maxima and minima.
· Compare properties of two quadratic functions each represented in a different way (algebraically, graphically, numerically in tables or by verbal descriptions).



	Academic Vocabulary:

	Critical Terms:

Quadratic
Parabola

Factor (as both a noun and a verb)
Zero (of a function)


	
	Supplemental Terms:
Vertex form
Intercepts

Maximum

Minima
Extreme values

Interval

Polynomial
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